Abstract. In this article, given a scheme X we show the existence of canonical lifts of Frobenius maps in an inverse system of schemes obtained from the fiber product of the canonical prolongation sequence of arithmetic jet spaces J * X and a prolongation sequence S * over the scheme X. As a consequence, for any smooth group scheme E, if N n denote the kernel of the canonical projection map of the n-th jet space J n E → E, then the inverse system {N n }n is a prolongation sequence.
Introduction
The purpose of this short note is to make an observation which is a generalisation of a result shown in [3] for Drinfeld modules. Let B be a Dedekind domain and fix a maximal ideal p ∈ Spec B with k := B/p a finite field and let q = |k|. Let R be the p-adic completion of B. Denote by m the maximal ideal of the complete, local ring R and ι : B ֒→ R the natural inclusion. Then let π ∈ B be such that ι(π) generates the maximal ideal m in R. Since ι is an injection, by abuse of notation, we will consider π as an element of B as well. Then k ≃ R/(π). Do note here that the identity map on R lifts the q-power Frobenius on R/(π). Let V = Spec R.
To motivate the main result in this article, let E be a group scheme over V . Then by [2, 4] , one can consider, for all integer n ≥ 0, the n-th jet space J n E (Here by J n E, we understand the algebraic jet space in [2] . Buium's jet spaces are p-adic formal schemes obtained by taking formal completions of J n E). Due to functorial reasons, J n E is also a group scheme for all n. There are canonical maps, the projection map u : J n E → J n−1 E and the lift of Frobenius with respect to u denoted φ : J n E → J n−1 E for all n ≥ 1. The map φ is associated to a π-derivation δ on the structure sheaves which will be defined in section 2 in detail. Such a system of schemes is called a prolongation sequence. Let J * E denote the prolongation sequence of jet spaces. Then for each n, we have the following short exact sequence of group schemes
where N n is the kernel of u. Then it is easy to see that the projection map u : J n E → J n−1 E induces a u : N n → N n−1 by restriction. Let N * denote the inverse system of such schemes. However, the δ or φ does not restrict to N * because that would imply that E has a lift of Frobenius which is false in general.
Let X be a scheme over V . For any prolongation sequences T * and S * over V with morphisms T 0 → X and S 0 → X, let us define
. Note that T * × X S * is not apriori a prolongation sequence but is an inverse system with the projection maps induced from the projection maps from T * and S * . For any inverse system of schemes U * with maps u : U n → U n−1 for all n ≥ 1, we will say U * admits a lift of Frobenius if for all n, there are maps φ : U n → U n−1 which are lifts of Frobenius with respect to the projection maps u. Our main result is Theorem 1.1. If X is a scheme over V , J * X × X S * admits a canonical lift of Frobenius.
We call this canonical lift of Frobenius as Lateral Frobenius and is denoted by f :
Then if E is a smooth group scheme, then J n E are also smooth and hence flat. Therefore a lift of Frobenius is equivalent to a π-derivation in this case. It is now easy to see that by choosing X = E and S * to be the constant prolongation sequence given by S n := V for all n, with the given map S 0 → E as the identity section of the group scheme E, it follows that N n admits a lift of Frobenius and thus is a prolongation sequence.
Prelimineries

Witt vectors.
Here we recall some basic facts about Witt vectors and arithmetic jet spaces. Witt vectors over a general Dedekind domain with finite residue fields was developed in [1] . For the sake of our article, we will briefly review the general construction. Let B be a Dedekind domain and fix a maximal ideal p ∈ Spec B with k := B/p a finite field and let q = |k|. Let R be the p-adic completion of B.
Denote by m the maximal ideal of the complete, local ring R and ι : B ֒→ R the natural inclusion. Then let π ∈ B be such that ι(π) generates the maximal ideal m in R. Since ι is an injection, by abuse of notation, we will consider π as an element of B as well. Then k ≃ R/(π).
Do note here that the identity map on R lifts the q-power Frobenius on R/(π). We will now review the theory of π-typical Witt vectors over R with maximal ideal m. All the rings in this section are R-algebras.
Let C be an A-algebra with structure map u : A → C. In this paper, any ring homomorphism ψ : A → C will be called the lift of Frobenius if it satisfies the following:
(1) The reduction mod π of ψ is the q-power Frobenius, that is, ψ(x) ≡ u(x) q mod πC.
(2) The restriction of ψ to R is identity.
Let C be an A-algebra with structure map u : A → C. A π-derivation δ from A to C means a set theoretic map satisfying the following for all x, y ∈ A
such that δ when restricted to R is δ(r) = (r − r q )/π for all r ∈ R and
It follows that the map φ : A → C defined as
is an R-algebra homomorphism and is a lift of the Frobenius. Considering this operator δ leads to Buium's theory of arithmetic jet spaces [4, 5, 6] .
Note that this definition depends on the choice of uniformizer π, but in a transparent way: if π ′ is another uniformizer, then δ(x)π/π ′ is a π ′ -derivation, and this correspondence induces a bijection between π-derivations and π ′ -derivations.
Given an R-algebra A, the ring of π-typical Witt vectors W (A) can be defined as the unique R-algebra W (A) with a π-derivtion δ on W (A) such that, given any R-algebra C with a π-derivation δ on it and an R-algebra map f : C → A, there exists an unique R-algebra homomorphism g : C → W (A) satisfying-
and g satisfies g •δ = δ •g. In [1] (following the approach of [7] to the usual p-typical Witt vectors), the existence of such a W (A) is shown and that it is also obtained from the classical definition of Witt vectors using ghost vectors.
Prolongation sequences and Jet spaces.
Let V = Spec R and X and Y be schemes over V . We say a pair (u, δ) is a prolongation, and write
, a prolongation sequence is a sequence of prolongations
where each T n is a scheme over V . We will often use the notation T * or {T n } n≥0 . Note that if the T n s are flat over V then a π-derivation δ is equivalent to a lift of Frobenius φ as defined above.
Prolongation sequences form a category C V * , where a morphism f : T * → U * is a family of morphisms f n : T n → U n commuting with both the u and δ, in the evident sense. This category has a final object V * given by V n = Spec R for all n, where each u is the identity and each δ is the given π-derivation on R.
For any V -scheme Y , for all n ≥ 0 we define the n-th jet space J n X (relative to V ) as J n X(Y ) := Hom δ (W * n (Y ), X) where W * n (Y ) is defined as in [2] . We will not define Hom δ (W * n (Y ), X) in full generality here. Instead, we will define Hom δ (W * n (Y ), X) in the affine case which is obviously simpler but will offer an intuitive understanding of the definition. Let our schemes be affine and X = Spec A and Y = Spec C. Then W * n (Y ) = Spec W n (C) and Hom δ (W * n Y, X) = Hom δ (A, W n (C)), where W n (C) is the ring of truncated Witt vectors of length n + 1 and f ∈ Hom δ (A, W n (C)) is a ring homomorphism that satisfies the following
is the universal map from the definition of Witt vectors.
Then J * X := {J n X} n≥0 forms a prolongation sequence and is called the canonical prolongation sequence. By [5] , J * X satisfies the following universal propertyfor any T * ∈ C V * and X a scheme, we have
Construction of the Lateral Frobenius
Let all our schemes be over a base V which has a lift of Frobenius. Let S * = {S n } ∞ n=0 be a prolongation sequence with a morphism S 0 → X. Also, given a prolongation sequence, let S * −1 :
. For any prolongation sequence T * with a morphism T 0 → X, let us define
. Note that T * × X S * is not apriori a prolongation sequence.
3.1. Affine N -space case. Let X = A N where N may represent an arbitrary cardinality. For any V -scheme T , let
. Then by definition of jet spaces, we have a canonical isomorphism of schemes J n X ≃ W N n , where W n is the truncated Witt vectors of length n + 1. Therefore as a scheme, J n X can be canonically identified as
X be the ghost map of the product of Witt vectors and the right-hand side is referred to as the ghost components.
We define the lateral Frobenius f as the unique morphism which makes the following diagram commutative
where f : (
is given by the left-shift operator on the ghost components f((w 1 , · · · , w n ), s) = ((w 2 , ..., w n ), φ(s)) and completely determines the map f : J n X × X S n → J n−1 X × X S n−1 . The map f is unique and is given by f(
is the Frobenius map of Witt vectors and hence the map is a lift of Frobenius as well. It is clear that f behaves functorially with respect to X.
n denote the natural map induced from the structure map X → V for all n.
Proposition 3.1. The lateral Frobenius f satisfies the following commutative diagram for all n ≥ 2
Proof. This follows by checking commutativity on the ghost component since w is injective 3.2. The case of a general affine scheme. Let S * = {S n } n be a prolongation sequence with a morphism S → X. We will denote this data as S
Proposition 3.6. J * Y × YS * → J * X × X S * is an etale surjection, that is, J n Y × Ỹ S n → J n X × X S n is an etale surjection for all n.
Proof. By [2] , since Y → X is etale, J * Y → J * X andS * → S * are etale as well. Therefore, J * Y × YS * → J * X × X S * is etale.
For any V -scheme T , if Q → V is the generic point, then denote T Q := T × V Q. If P → V is the closed point, then denote T := T × V P . Now for all n, (J n Y × YS n ) Q = ( 
